panels made of Titanium alloys can be modeled as thin, rectangular, anisotropic plates. In this example, we include full anisotropy of the thermal expansion tensor, but restrict the stiffness to be orthotropic. The thermal buckling problem of such plates (when simply supported) has been solved analytically.
Microstructures have a significant effect on the performance of critical components in numerous aerospace metallic material applications. Examples include panels in airframes that are exposed to high temperatures and sensors used for vibration tuning. This paper addresses the techniques to optimize the microstructure design for polycrystalline metals.
The microstructure is quantified with the orientation distribution function (ODF) that determines the volume densities of crystals that make up the polycrystal microstructure.
The ODF of polycrystalline alloys (e.g. HCP Titanium) is represented in a discrete form and the volume-averaged properties are computed through the ODF. The optimization is performed using the space of all possible volume-averaged macro properties (stiffness and thermal expansion). A direct linear solver is employed to find the optimal ODFs.
The direct solver is capable of finding exact solutions even for problems with multiple or infinite solutions. It is firstly applied to the optimization of the panel buckling problem.
The objective of the buckling optimization problem is to find the best microstructure design that maximizes the critical buckling temperature. The optimum solution computed with this approach is found to be same as the optimum solution of a global approach that utilizes a genetic algorithm. The linear solver methodology is extended to plastic properties and applied to explore the design of a Galfenol beam microstructure for vibration tuning with a yielding objective. We show that the design approach can lead us to multiple optimum solutions. hull similar to this work. However, the discretization scheme for the ODF was based on a Fourier basis.
F
The Fourier/spectral methods cannot represent sharp textures due to the use of a global basis. In contrast, the finite element approach presented here can lead to single crystal solutions (or sharp textures) due to the use of a local basis. In this paper, we demonstrate for the first time, the generation of multiple polycrystal solutions in an engineering optimization problem using the finite element representation of the ODF.
The objective of the present work is to find out the optimal ODFs that maximize/minimize a macro-scale objective function. Since number of unknowns in the ODF are large, the optimization is first performed in the space of all possible material properties. When a lower or upper bound homogenization approach is employed, the space of all possible properties is simply a convex hull with the vertices represented by single crystal properties. Once the best set of properties is found, the best microstructure (ODF) corresponding to that property can be identified using linear programming. To demonstrate the approach, the optimal ODFs that maximize the critical increase in buckling temperature of a simply supported HCP titanium plate are identified. The optimum result is compared to the results from a global approach that utilizes a genetic algorithm with sampling in the complete ODF space. Another example is shown where the optimization methodology is extended to a problem involving vibration tuning of a Galfenol beam. We show that the approach can lead us to multiple ODF solutions. The remainder of this paper is organized as follows. In Section II, the analytical solution of the simply supported thermal buckling problem is introduced. Section III addresses the computation of microstructure properties using an orientation distribution function. Section IV addresses the optimization methodology, utilization of the linear solver, optimization results and their comparison with the global approach. In Section V, we discuss the Galfenol beam vibration tuning problem with multiple optimum solutions. The summary of the paper and the potential extensions are discussed in Section VI. 
II. Critical Increase in
This formulation here will be given for a general case where forces N x and N y may vary, but must maintain a constant ratio β. However, the problem of interest in this work only has N x as the axial force (Fig. 2) , ie, β = 0.
The critical value of λ is found from the formula:
where c is the ratio between the lengths of the sides of the plate (c = a b ). The problem then consists of seeking the values of m and n which give the smallest λ and hence the critical distributed buckling load, λ cr . Based on the solution of the critical distributed buckling load, we can get the expression for the critical increase in temperature using the coefficient of thermal expansion tensor (α):
The material properties α and C are the material properties computed from the microstructure (represented using the ODF).
III. Modeling Properties of HCP Titanium Microstructure
The alloy microstructure consists of multiple crystals with each crystal having an orientation. The generalized Hooke's law for the aggregate of crystals may be written in the form:
where < ǫ ij > and < σ kl > are the volume-averaged strain and stress respectively,
the effective compliance tensor in the coordinate system of the part, C ef f is the effective stiffness tensor, and α ef f is the effective thermal-expansion tensor. Assuming homogeneity of the deformation in a macroscale elementary volume, the effective thermoelastic properties may be found through averaging using the Taylor approximation: 12 
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where C and α are the stiffness and thermal expansion tensors for each crystal and the average is done over crystals of all orientations in the microstructure. If the effect of factors (e.g. crystal size and shape)
is ignored, averaging (denoted by < . > in the equation above) can be performed over the orientation distribution function (ODF, represented by A). The ODF gives the volume density of each orientation in the microstructure. If the orientation-dependent property for single crystals, χ(r), are known, any polycrystal property can be expressed as an expected value, or average, given by:
where ODF, A, is a function of orientation r, and time t (for plasticity problems). The average value is computed by integrating in the representative volume element, dv, which can be obtained by considering the crystallographic symmetries.
A. Property Representation in Rodrigues Space
The present work employs the axis-angle parameterization of the orientation space proposed by Rodrigues 7 since angle-axis representations define an alternate way of representing orientations compared to Euler angles.
2, 13
The Rodrigues' parameterization is created by scaling the axis of rotation n as r = ntan( θ 2 ), where θ is the rotation angle. Finite element discretization of the orientation space and associated integration schemes using Gauss quadrature allows matrix representation of Eq. 11. The ODF is discretized into N independent nodes with N elem finite elements and N int integration points per element. Two different meshes, accounting for hexagonal symmetry, were used in this work to solve the problem. Mesh-1 contains 111 nodes and 288 elements. This translates to 288 integration points (1 integration point per element) and 50 independent nodes (50 ODFs). However, Mesh-2 includes 605 nodes and 2304 elements. This translates to 2304 integration points (1 integration point per element) and 388 independent nodes (388 ODFs).
Using this parametrization, any polycrystal property can be expressed in a linear form as follows.
where A(r m ) is the value of the ODF at the mth integration point with global coordinate r m of the nth element, |J n | is the Jacobian determinant of the nth element, w m is the integration weight associated with the mth integration point, and 
Normalization
The constraint that the volume fractions sum to one is given by the following relationship:
This is equivalent to the linear constraint: q
, where each i corresponds to a combination of (n, m), i = 1, ..., N int × N elem . This can also be written in terms of independent nodes as q
Positiveness
The positivity of the ODF is enforced by the constraint A ≥ 0, (i.e. the volume fractions are positive).
Mathematical representation of the optimization problem is given below:
A. Utilization of a Direct Linear Solver to the Optimization Problem
The optimization is performed in a solution space that is reduced to space of stiffness and thermal expansion parameters from the complete ODF space. This reduction saves a great amount of computational time since the complete ODF space has 50 parameters for Mesh-1 and 388 parameters for Mesh-2. However, the macroscopic property space has 12 parameters (9 independent C elements for orthotropic stiffness modeling and 3 independent α parameters for anisotropic thermal expansion modeling) for both meshes. 
...
To maximize v n another similar problem is executed where the objective is changed as min A v n = −p T n A. The closure represents the range of properties obtainable when using the homogenization methodology.
The domain boundaries are computed using both upper bound and lower bound approaches. Upper bound approach, which is based on constant strain assumption through plate thickness, computes the properties 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 
stress assumption through plate thickness, computes the properties in C −1 and α −1 space (both will be named as C −1 space). The experimental results can lie in any of these spaces, so the optimum solution should be searched using both approaches. The computations of the design variables, which are determined as volume-averaged stiffness and thermal expansion quantities, are represented using an example formulation of < C >. < C > computations with upper and lower bound approaches are given in Eq. 17
and Eq. 18 respectively.
Eq. 17 and Eq. 18 show the linear relation between volume-averaged macroscopic < C > and properties of each crystal. The same linear relation is valid for the other stiffness and thermal expansion parameters.
Thus, the linear programming approach provides exact solutions to the problem of identifying ODF that lead to a given property.
The optimization is performed by sampling in C space for upper bound approach and a sampling in 
where Eq. 19 defines the infinite solutions, X i , using one solution, X 1 , and null space vectors, V i . n is the number of null space vectors. Even though the number of null space vectors is finite, the number of solutions are infinite since λ can be any number that satisfies the ODF positiveness constraint (A ≥ 0). Since space is generated by the ODF values through averaging equations, any point inside this solution domain corresponds to a known set of ODF values. Therefore there is always at least one optimal ODF solution inside this domain. The solution strategy aims to find this optimum solution not only when it is unique but also when it is multiple.
B. Optimization Results of Analytical Solution for Simply Supported Plate
The optimization problem aims to maximize the critical increase in temperature by optimizing the ODF values and it uses the analytical solution of a simply supported plate. Same material (HCP Titanium) is considered. The optimization is performed in the reduced property space using the given procedure. 10,000
design samples are generated with Latin Hypercube Sampling (LHS) in the reduced space (C and α for upper bound approach, and C −1 and α −1 for lower bound approach). LHS method was preferred since it defines a controlled random distribution and gives information about all design space. It is also very fast to implement to the problem. The optimum parameters that provide the maximum ∆T cr are transformed back to the ODF space with the linear solver. The numerical approach presented to solve for multiple be the global optimum solution that gives the maximum ∆T cr value. In order to avoid any local optimum solution, a gradient based optimization algorithm was not chosen. NSGA-II can be used for single and multiobjective optimization problems since it has the capability of finding global optimum solutions not only in single objective problems but also in multi-objective problems. 16 Thus, the same optimization algorithm can also be used to solve similar problems with multiple objectives. The optimization information for the
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American Institute of Aeronautics and Astronautics The global optimization approach also obtained the same optimum solutions, single crystals, that were already found with the linear solver approach. The main advantage of the linear solver approach is that it was much more efficient in terms of computation time compared to the global approach. The computational time spent on the same platform for linear solver and global approaches are compared in Table 2 .
Method Mesh Computational Time Linear Solver
Mesh-1 ∼ 27 minutes Linear Solver Mesh-2 ∼ 1.5 hours Global Optimization Mesh-1 ∼ 9.5 hours Global Optimization Mesh-2 ∼ 11 hours The optimization results are shown and compared to the randomly oriented designs in Table 3 . The optimum microstructure consists of single crystals in both cases and the final optimum structures are shown in Fig. 4 and Fig. 7 for Mesh-1 and Mesh-2 respectively. Fig. 5 and Fig. 6 illustrate < 001 > and < 010 > pole figures for Mesh-1, Fig. 8 illustrates < 001 > pole figure for Mesh-2. Fig. 9 and Fig. 10 show the property closures in C (upper bound approach) and C −1 (lower bound approach) spaces respectively for 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w
V. Optimization of Galfenol Beam Microstructure for Vibration Tuning
The linear solution methodology presented in the previous sections is extended to the plastic properties to explore the microstructure design of a cantilevered Galfenol beam for a vibration tuning problem with yielding objective (Fig. 11) . Introduction of the yielding objective to the problem provides multiple solutions, however, the vibration tuning restricts these solutions to have finite number of directions in the solution space. The modeling of the microstructure part is the same since stiffness parameters and yield stress are represented using independent ODF values. However, the number of independent ODF values is 76 at this time since Galfenol has a BCC structure. The design objective is yield stress while the first bending and torsional natural frequencies are constrained for vibration tuning. The main goal of the problem is to find the best microstructure design that maximizes the yield stress of the beam and satisfies the given vibration constraints.
According to the coordinate system introduced in Fig. 11 , the analytical equations of the first torsional and bending natural frequencies for an orthotropic material can be shown respectively as below:
where G 12 = 1/S 66 , E 1 = 1/S 11 and S being the compliance elements (S = C −1 ). In these formulations, J is torsion constant, ρ is density, I p is polar inertia moment, m is unit mass, L is length of the beam and I 1 is moment of inertia along axis-1. The computation of the yield stress using upper and lower bound approaches are given in Eq. 23 and Eq. 24 respectively.
The mathematical formulation of the optimization problem is given below: • The solution space is firstly reduced to independent macro elements' space consisting of microstructure dependent properties. The limits for microstructure dependent properties are computed using lower or upper bound approaches. In this problem, the microstructure dependent properties are E 1 , G 12 and σ y .
• One solution of the problem should be computed to start the algorithm. The solution technique depends on either the problem is linear or not. For a linear problem, "one solution" can be computed solving a Linear Programming (LP) problem. However, sampling can be performed to find one solution of a nonlinear problem. The values of the microstructure dependent input parameters will be the same in all solutions if multiple solutions exist.
• As providing the same microstructure dependent property values, independent solution directions are computed using the Null Space approach of the linear solver. For a single solution problem, there is no existing solution direction since the single solution defines a point in the solution space.
• In case of having multiple solutions, these solutions are computed using "one solution" of the problem and the independent solution directions (Eq. 20).
The optimization problem of Galfenol beam vibration tuning has linear design objective and constraints.
Therefore, the one solution to the problem could be found by solving an LP problem directly. The multiple solutions of this problem correspond to the designs having the same values for microstructure dependent input parameters (E 1 and G 12 ). The problem has 73 solution directions (76 optimization variables, 3 linear equations -2 of them are for computation of E 1 and G 12 , and 1 of them is for unit volume constraint) and these solutions are polycrystal designs. The property closure graph for E 1 and G 12 variables (E − G space) is given in Fig. 12 . The parameters of the multiple optimum solution are given and compared to the best single crystal solution in Table 4 . Some of the optimum microstructure designs are shown in Fig. 13 .
Since the linear solver was able to compute independent solution directions for Galfenol beam optimization problem, each design in Fig. 13 
VI. Conclusion
This paper addresses an optimization methodology for structural problems with various macro design objectives. Optimization is performed in a reduced space composed of thermoelastic properties and the optimal ODF is solved with a linear programming solver. The optimization result was also checked with a global methodology that utilized a genetic algorithm together with a sampling in the ODF space. Both solutions gave the same optimum solution. When compared to an HCP titanium plate with a randomly oriented microstructure, the optimal ODF provided a significant 23.0% and 28.3% increases in analytical solution,
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